Since 2007, ZIKV outbreaks have been occurring around the world. While ZIKV is mainly spread by mosquito vectors, transmission via sex activities enables the virus to spread in regions without mosquito vectors. Modeling the patterns of ZIKV outbreak in these regions remain challenging. We consider age as an asymmetric factor in transmitting ZIKV, in addition to gender as seen in previous literature, and modify the graph structure for better modeling of such patterns. We derived our results by both solving the underlying differential equations and simulation on population graph. Based on a double asymmetric percolation process on sexual contact networks. we discovered a quadruple ZIKV epidemic transition. Moreover, we explored the double asymmetric percolation on scale-free networks. Our work provides more insight into the ZIKV transmission dynamics through sexual contact networks, which may potentially provide better public health control and prevention means in a ZIKV outbreak.
Introduction
Zika virus (ZIKV) is a Flavivirus closely related to dengue. People infected with ZIKV may develop symptoms including fever, rash, and joint pain. Though the symptoms associated with ZIKV are generally mild, neurological complications have also been reported [10] . After its first identification in 1947, there were only a few human infections reported over a 60-year period. However, since 2007, ZIKV outbreaks have been reported in Yap island in many regions including Philippines, Pacific Area, and Americas [11, 9, 8, 21] .
ZIKV is primarily transmitted through mosquito-borne infection. However, transmission via sex has also been reported [14] . This unique transmission dynamic requires specific biomedical research and mathematical modeling. In addition, the risks of transmission are suggested to be different with respect to gender and age [11] .
Mathematical modeling has become an important tool in designing control and prevention means for infectious diseases [16] . A number of mathematical models of ZIKV transmission have been proposed. [15] developed a deterministic model of ZIKV transmission that accounts for both mosquito and sexual contact modes. [17] proposed a susceptible-exposed-infectious-removed (SEIR) framework. [5] proposed a model for identifying the most susceptible regions of ZIKV infection.
In this paper, we are interested in an asymmetric percolation model which accounts for the asymmetric duration of infectiousness between males and females [1] . Males can be infectious for over 180 days whereas females are infectious only for about 20 days [22, 24] . Therefore, the probability of ZIKV transmission is said to be asymmetric with respect to gender. Based on this observation, they modeled the ZIKV sexual transmission through the asymmetric percolation process on random sexual contact networks. By exactly solving their networks, they demonstrated a double transition, which identified two distinguishable thresholds for ZIKV to be endemic just based on sexual contact. The details of their model are shown in Section 2. We note here that their model and our proposed model only consider the sex transmission of ZIKV. This assumption can be applied to cases in which the infected mosquitoes are absent in the specific region but ZIKV is brought by foreign travelers who have sexual contacts with locals.
We modify and extend the existing model by incorporating more observations: 1) The risk of transmission is age-dependent. The ZIKV outbreak in Yap Island, Philippine, showed that for adults, increasing in age increases the susceptibility to ZIKV infection. Adults over 50 years old are nearly four times more likely to be infected and show ZIKV related symptoms than adults under 50 years old [11] . Therefore, besides gender, the age of individuals in the sexual contact network also causes an asymmetric probability of ZIKV transmission. We termed our new model as a double asymmetric percolation process on sexual contact networks. 2) Human sexual contact networks are shown to be scale-free [18, 13] . A scale-free network is one type of small-world networks whose degree distribution follows a power law. Scale-free networks have clustering coefficients much higher than random networks [3] . Survey has shown that the number of sexual partners decays as a scale-free power law [18] . Therefore, human sexual contact networks exhibit clustering property as scale-free networks. We investigated whether the multiple epidemic transitions (more than one distinguished epidemic thresholds) continued to exist when the underlying sexual contact networks were scale-free rather than random.
Related work
In this section, we will briefly describe the model present in Asymmetric percolation drives a double transition in sexual contact networks [1] , the basis for our work. The authors present an asymmetric percolation model of ZIKV sexual transmission based on gender and sexual orientation.
First, they use nodes to represent individuals. Each node belongs to one of the six types (female/male and homo-/bi-/heterosexual), and is assigned to a number of sexual contacts. The proportion of the six types w i is estimated with census and population research data. The contacts in the network are designed to be random. That is, for a node, the number of sexual contacts, k, follows a Poisson distribution with < k >= 5, regardless of its type [4] .
Second, edges are created randomly between pairs of nodes constrained by their types. For example, a homosexual female can have sexual contacts with homosexual females as well as bisexual females. Based on the proportion of node types ω i , α j|i , the probability that a neighbor of a node of type i is of type j, is calculated from ω i based on the principle that the proportion of outgoing edges to a certain type should loosely match its population size and the resulting distribution favors homosexual people over bisexual peoples. For this report, we purpose no change to the values of α for comparison purposes, but better mechanisms for deciding αj|i might be possible. Due to the nature of the half-edge matching algorithm, it is required that ω i × α j|i = ω j × α i|j for all pairs (i, j) ∈ [N ] 2 , where N denotes the set of six possible types.
Then, the transmissibility, T ij is defined to be the probability of transmission from a node of type i to a node of type j. Due to the fact that males have much longer ZIKV infectiousness period, the transmissibility from a male to his sexual partner is higher than from a female to her sexual partner. Therefore, they introduced an asymmetry parameter a to downscale the transmissibility when i is female. Specifically,
Based on the transmissibility T ij and the simulated network, the epidemic threshold and the expected final size of outbreaks can be computed [2] as follows:
In a random population graph, a component of population graph is called a giant component if it contains a constant fraction of the entire graph (whole population), and is called a small component otherwise [23] . In a hypothetical scenario, one person of a certain type, denoted i, is first infected, then with a probability of T ij the disease spreads to its neighbors of type j. The process continues from the newly infected person until no more individuals fall victim. The set of infected individuals is then a component of the population graph, and the event is called an outbreak if the component is a giant one.
Three metrics of interest are proposed, all defined on single classes and on the population as a whole, and take the composition of graph and choice of nodes as underlying random space:
• P i : Probability of a person of type i starting an outbreak.
• S i : Expected fraction of type i population involved in an outbreak.
• < s > i : Expected number of victims of type i in a non-outbreak.
Methods

New Models
Double Asymmetric Model. To incorporate the observation of the age dependency of ZIKV transmissibility, we further classified the nodes in a sexually active population network into more types. There are now 12 types of nodes defined by age, gender, sexual orientation (old/young, female/male, homo-/bi-/heterosexual). The proportion of each type of nodes, w i , is estimated by surveys of ageing [19] and summarized in Table 1 : Description of node types i and their relative proportion w i in sexually active population. These values are used in the numerical simulation.
We also depart from the principle of α i|j reflecting the proportion of population ω i and introduce the idea of affinity, which means sexual interactions are much more likely to happen within an age group, than between the group [12] . This is reflected in the design of α i|j :
Where α represents the original probability without age group, and A i,j is an affinity factor that is chosen to seperate the two groups
if i and j are both in young group 0.995 if i and j are both in old group
, while keeping ω i × α j|i = ω j × α i|j as required by half-edge matching algorithm. The actual value used in this part of simulations can be found in Table 3 .4. For example, α 1|3 = 4.83% means that in our numerical simulation, on average, 4.83% of an old homosexual female's sex partners are old bisexual females. We introduce a new asymmetry parameter b. In particular, for every i, j ∈ N , we increase the chance of transmission T ij by a factor b when j is old (over 50 years old). b is chosen to be smaller than a in our numerical simulation. The modified transmissibility is
Alternative Degree Distributions. Moreover, we are also interested in other feasible models of sexual activities. The paper [13] discovers power-law degree distribution of sexual contact network, so we also generated scale-free networks to test the model. Instead of a Poisson distribution, the degree of each node is sampled from:
Where k ≥ 1 and λ is taken to be approximately 2.050 in the first experiments to match the Poisson model with E(k) ≈ 5 for N ≈ 10 4 , total population. We show examples of random networks versus scale-free networks in Figure 1 . Scale-free networks exhibit more clustering properties resembling a human sexual contact network. This value is also consistent with the fact that most real-world networks have a λ factor between 2 and 3. In later experiments, we specifically consider the case where λ > 3 for it exhibits different behavior. In the following sections, we give an overview of two different methods to solve the values of P , S and < s > under different values of T . The idea of turning the problem of solving P and S into solving for fixed points of a vector function f(x) shall be attributed to [2] for a more general formalism, and the elegant solution for solving < s > without complicated marginalization comes from [1] . The stab matching protocol comes from [2] (See Implementation Details for more information) and is specified in [1] , and the process of validating analytical solutions with simulation results is partly inspired by [1] . We also make changes to the various parts for better demonstration.
Solution by Iteration
For all three metrics, analytical solutions are difficult to compute. However, an argument called "self-consistency" can be invoked for estimating the values. Here we demonstrate the technique on solving P i . Due to limitations on space, we only discuss the high-level ideas behind and skip actual calculations. We introduce several terms:
• A bold variable x is a vector of length n, number of node types(6 in the original model).
• g i (x) is the probability-generating function of composition of direct successors for a node of type i(a direct successor is a node can be visited by using one outgoing edge from current node). The probability that a node of type i have exactly v k direct successor of type k is given by the coefficient before term x v k k in g i (x). Normalization requires g i (1) = 1.
• f li (x) is the probability-generating function of composition of direct successors of a type i node that is reached from an edge of type l. This is analogous to the "excess degree" in classical percolation theory. However, since all f li are equal for same i thanks to the simple structure, we drop the first subscript and simply use f i .
f i (x) and g i (x) have a closed form and can be calculated efficiently when x is given. For sake of completeness, f and g are defined as
where k iterates over the possible values degree distribution, p k denotes probability of a degree k node, and < k >= k (kp k ), average degree of the graph.
Next, we define u i to be the probability of a type i node visited from some edge NOT starting an outbreak(not in a giant component).
The key assumption here is that the graph is "locally tree-like", meaning that there will be no loops in the random network. Given this, the probability of this type i node NOT starting an outbreak is exactly the probability that any of its direct successors does not satisfy the property, independent of each other(and the probability for a direct successor of type j not satisfying the property is given by exactly u j ). Iterating over all possible configuration of successors of the node, it leads to the conclusion
P i , the probability of a person of type i starting an outbreak(note the difference with u i on how the node is picked, thus the different underlying random space) is given by P i = 1−g i (u), following similar argument over all possible configuration of direct successors of a type i node, which is now generated by g i (x).
S i can be derived in a similar iterative manner. The derivation of < s > i is more involved and we shall redirect the reader to the original paper for details.
Solution by Simulation
For a realistic estimate, we first generate a population graph of size 10 4 with predefined degree distribution, population composition, and transmissibility between node types. The graph is then condensed, that is, we partition the graph into strongly connected components (SCC) and contract each SCC to a single node. This greatly reduces the computational cost, as we can treat each SCC as a whole when simulating infections. An outbreak is defined as an infection over 1 percent of the population. The condensed graph is now a Directed Acyclic Graph (DAG) and we calculate the set of successors (number of infections if starting from the current node) for each condensed node.
We calculate the three main metrics as follows.
• P i is calculated as the average proportion of type i nodes in a outbreak.
• S i is calculated exactly the same way as P i , except all edges have their direction reversed.
• < s > i is calculated as the average number of type i nodes in a non-outbreak.
Later, we shall show this definition makes sense and matches theoretical predictions.
Implementation details
Simulation To build the population graph, we utilize the DiGraph class in NetworkX package as the underlying structure, and employ the "stab-matching" procedure to generate a graph with asymptotically correct degree distribution and affinities. First, the desired degree for each node is drawn from input distribution. For each node x with desired degree d, we add d half-edges labeled with x to a list. With probability w i α j|i , we pick two half-edges with type i and j, and establish a link between the nodes. This process is repeated until there are no more feasible half-edges to match.
Then, to simulate transmission, we break each edge generated above into two directed edges. A edge from i to j is discarded with probability 1 − T ab where a and b are the types of i and j. Due to technical limitations on iterating over incoming edges, we build two graphs, one with the aforementioned method, and a second one that is identical to the first except all edge reversed. Depth First Search(DFS) was used to iterate over all successors(victims) from a particular node and calculate P . To calculate S and < s >, the reversed graph is used. Parallelization In addition to Section 3.1, The final result is averaged over 100 − 500 instantiations of the population graph to count for intrinsic randomness of the model. Since the calculation requires we knowing the exact composition of each subgraph generated from every people, a full parameter scan(on T ) can take up to hours. We use a cluster to run multiple instances simultaneously(up to 100), each with its own generated population graph, and use another program to collect the results.
The simulator is implemented in Python 3. As a side note, we have contacted the authors of the original paper [1] and confirmed our simulation method. Solution by Iteration We also use self-consistency argument to transform the simulation into finding fixed points for vector functions. Changes are made to accommodate for changes in a population model, while the high-level idea is similar and the self-consistency argument remains the core.
In practice, we start with x i = 0.5 for all dimensions, and to find a fixed point we iterate x t+1 = f(x t ) until converge, defined by |x t+1 − x t | ∞ < . f and g are polynomial functions of x when the network structure is fixed, so this is effectively a Fixed Point Iteration methods for finding a root.
Since all terms are normalized and all positive, x i = 1 for all dimensions will always be a fixed point(u i = 1 indicates no point is in the giant component, thus there is no giant component). Furthermore, for T → 0 it's the only solution and a stable one. However, as T increases, a bifurcation occurs and a second solution where some x i < 1 will show up. This indicates the emergence of a giant component. After the bifurcation occur, x i = 1 is also no longer a stable fixed point(due to the fact that f is convex over [0, 1] N ). This leads to the conclusion that the algorithm is guaranteed to return the giant component or return the x i = 1 vector if there is no giant component.
We take = 10 −8 in all cases. The solver is implemented in Python 3, and finishes a parameter scanning on T within 10 minutes on most instances. Visualization We designed a simple format to store results from both iteration and simulations. The result file is fed to another program which generates the curve of P , S and < s > for each value of T , averaged if multiple experiments are done with the same value. The resulting graph is exported as PNG image file and used in this report. For each image, approximately 100 data points was used. We perform no smoothing or averaging between different T s. Code Availability All codes are available upon request, including code for model construction, both solutions, visualizer, and script required to dispatch tasks on the cluster. In their analytical calculation, two epidemic threshold can be clearly seen in Figure 2 . They demonstrated that due to the asymmetric ZIKV transmissibility, there will be two outbreak epidemic thresholds, a smaller one for the homosexual male population and a larger one for other individuals in the network. We implemented the analytical calculation and obtained similar results to their original analytical results. Our result is shown in Figure 3 . 
Results
Reproducing original results
Double asymmetric percolation model results
Our proposed double asymmetric percolation model takes into consideration the double asymmetric ZIKV transmissbility concerning both gender and age. The original six types of nodes are subdivided into twelve types of new nodes. For the new model, we plotted the three metrics of interest in Figure 4 . Based on the overall average number of nodes in non-outbreaks (< s >), the blue line in Figure 4 right, we can clearly see three peaks, one around T = 0.05, one around T = 0.15, and one around T = 0.625. Therefore, there exist at least three global epidemic thresholds.
By analyzing the components of < s >, we found four distinguished peaks, one for old homosexual males at around T = 0.05, one mainly for old heterosexual males and females at around T = 0.15, one for young homosexual males at around T = 0.2, and one for young heterosexual males and females as around T = 0.625. Furthermore, we validated our results using simulation on realistic data. The details of our simulation procedure can be found in Section 3.3. We simulated a population of 10 4 individuals. All parameters used in simulation, a, b, w i , and α ij are consistent with what we used in the analytical solution. Figure 5 shows the results of simulation study. Four peaks similar to analytical results in Figure 4 Comparing Simulation results with Analytical Solutions. We produce highly similar trajectories for S and P with expected fluctuations around theoretical value in this case, validating our algorithm.
However, one can notice that while the position of peaks is mostly correct in the trajectories of < s >, the width and amplitude is off. This does not signal that our simulation is wrong; It's well expected with this size of the population. Due to limited computational power, we decided that n ≈ 10 4 is a good trade-off between the number of data points accessible from simulation (speed of simulation) and a larger population (in order to have a better separation of giant components and small components), both serving the ultimate target of higher accuracy.
To provide a bit more insight, in our current implementation, it's almost impossible to judge if a component with 100 pops is a giant one or a small one. The emergence of small components is largely independent of graph size as can be seen in the derivations, but the large components are fractions of the total population. As a rule of thumb, we set the cutoff to 1 percent of the total population, which means that if n > 10 4 , the component will be classified as a giant one, and if n < 10 4 it'll be a small one. However, close resemblance in other parts and in general should prove the validity of the simulation approach, and we are confident that the problems shall diminish as we have access to more computational power and better algorithms for the simulation.
Double asymmetric percolation on scale-free networks
We further investigate whether the multiple epidemic thresholds continue to exist in scale-free networks.
In this part, since we are investigating the existence of a transition, we will not use simulations and depend on analytical solutions. The reason behind is that we are investigating whether an epidemic threshold exists in such cases, and in simulations, a component with less than 1 percent population is always classified as a small component(even if it should be a giant one by definition), which means that a "transition" will always present in simulation due to the component growing beyond 1 percent threshold, and it would be the best to rule out such artifacts. On the other hand, power-law distribution has a much longer tail than Poisson distribution, which means observations over simulations will converge much slower.
After modifying the degree distribution of all nodes to be scale-free, we plotted the three metrics of interest in Figure 6 . The scale-free parameter λ is set to be 2.050 in this computation. Figure 6 showed that on scale-free networks, all the epidemic thresholds (peaks in <s>) vanished. We note here that some of the elbow points occurring at T = 0.25 are due to the definition of T ij being min(1, b · T ), if i is male and j is old. When b = 4, T ij = 1 for all T ≥ 0.25.
To further investigate this interesting phenomena, we tuned the value of the scale-free parameter λ. We found that when λ is greater than 3, peaks reappeared in the < s > graph.
We plotted the three metrics of interest in Figure 7 . The scale-free parameter λ is set to be 3.1 in this computation. A further discussion of this interesting phenomena can be found in the Discussion section.
Discussion
New model with quadruple transition
With our double asymmetric percolation model, we observed a quadruple transition. As a result, when T is below the first epidemic threshold, there will only be microscopic non-outbreaks. When T is above the first epidemic threshold but below the second threshold, old homosexual males are most vulnerable to the outbreak. When T is above the second epidemic threshold but below the third threshold, both old heterosexual males and females become vulnerable to the outbreak. When T is above the third epidemic threshold but below the fourth threshold, young homosexual males become vulnerable to the outbreak. And when T is above the fourth epidemic threshold, young heterosexual males and females become vulnerable to the outbreak. Based on our model, estimating the transmissibility and identifying vulnerable groups for better testing will provide better control and prevention over ZIKV outbreak.
Absence of epidemic thresholds in scale-free networks
The epidemic threshold, θ, in an uncorrelated network are shown to be
, where k is the degree of nodes in a network [7] . For a scale-free network P (k) ∼ k −λ , with 2 < λ ≤ 3, the second moment < k 2 > is diverging, i.e., < k 2 >→ +∞. Therefore, the epidemic threshold θ is zero in a scale-free network with 2 < λ ≤ 3. This phenomena is then termed 'null epidemic' [6] . Similar results have been obtained in Erdős-Rényi model model when analyzing the critical point (where giant component emerges) [20] .
Therefore, the disappearance of epidemic thresholds in a scale-free network in Section 4.3 can be explained by the null epidemic phenomena, meaning that outbreaks continue to exist for arbitrarily small transmissibility.
We note here that due to the fact that < k 2 >→ +∞ for a scale-free network with 2 < λ ≤ 3, some of the nodes in the networks can have a nearly infinite number of edges. It is highly likely for these nodes to start an outbreak even if the transmissibility is small. However, this setting is unlikely to be true for human sexual contact networks.
In addition, for a scale-free network with 3 < λ, epidemic thresholds reappear (see Figure 7) . However, in our study, when 3 < λ, < k > is close to one. Such number of contacts is unrealistic for a human sexual contact network modeling.
We have also considered modeling scale-free networks with degree correlation. For example, individuals who have more sex partners are more likely to be connected with other individuals who have more sex partners. Nevertheless, [6] proved that a scale-free degree distribution with exponent 2 < λ ≤ 3 is a sufficient condition for the absence of an epidemic threshold in unstructured networks with arbitrary two-point degree correlation function. Therefore, scale-free networks with degree correlation will still not show any epidemic thresholds.
Conclusions and future work
In this project, we look at modeling of ZIKV transmission through sexual contacts. While gender plays an important role in modeling such a network, we argued that many other factors are also at play, including the two we examined: age and degree distribution. By integrating age as a second asymmetric factor, we observed a more complicated transition between outbreaks in different groups, described by 4 thresholds corresponding to different groups. The real-world scenario is even more complicated even with the absence of clustering by degrees. This means that outbreaks can happen at a smaller scale than previous predictions, and even with a low transmission rate. An epidemic can be sustained within a particular group, constantly spill to a larger population and may become a long standing concern.
Since a number of literature support the idea of modeling sexual activity as a scale-free network, we also tested the model on such type of network and find a transition at λ = 3. Before the transition, we see the "null-epidemic" scenario, which further supports the idea that the epidemic can be present for a long time in a small group even without the presence of mosquito vectors.
We believe our work can be further improved. On the one hand, we employ a simple separation between populations, using the age of 50 as a cutoff. Better classification is possible, for example, the younger group can be further split into children and adults, each has distinct properties. We also designed w i , T ij and α i|j for the new experiments, and these values are designed to largely follow the previous work with minimal changes, based on ball-park estimates. With the support of more real-world data, we shall have more freedom in designing the experiment, be able to build a better network in a more systematic way and observation can be closer to reality. We are also aware that there are not existing surveys for us to confirm or adjust our models due to a relatively low prevalence of the epidemic, and knowledge of real-world scenario will definitely help.
There are also potential improvements especially in the simulation part. Current algorithm requires knowing the exact composition of each giant components, which easily makes the algorithm run in O(N 2 ) time while time consumed on other steps only scales linearly with N . On the other hand, when the giant component become large, T is usually well past the last transition point and we are generally less interested in accuracy in this part. By preferential sampling over T , the scan parameter, we should be able to do a better simulation without sacrificing much into accuracy.
As the three mentioned metrics, S, P and < s > are important both theoretically and in practice, there is much more information to extract from both methods. For example, distribution of the size of small components might be of particular interest since it helps us to assess the feasibility of our "cutoff" and if the separation of giant and small components are clear for meaningful outcomes. Naturally, we can also look at < p >, from the composition of small out-components. While comparing S and P directly does not say much about the asymmetric properties of the graph, < s > and < p > have a better distinction seen from simulation, and we believe it's worthy to analyze the difference of them if we want to be more informed about internal structure of the graph. And, in this study we only care about averages on these metrics, other measures, like standard deviation, can also be interesting in our analysis. For example, a high deviation on P or S might signal the outbreak is really unstable and a high deviation on < s > can be both from the intrinsic structure or from simulations. We can also expect that with different degree distributions comes to different statistics, as demonstrated before. In the future, better human sexual contact networks can be explored.
Finally, while we keep our focus on the non-vector transmission of ZIKV, asymmetric transmissions, or more generally asymmetric relations is commonly seen in many other diseases or even other interdisciplinary fields. We believe the ideas and methods presented here can be valuable to other studies in various fields.
